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Automata, Games, and Veri�cation: Lecture 5

6 Muller Automata

De�nition 1 A (nondeterministic) Muller automaton A over alphabet Σ is a tuple (S , I, T ,F):

• S , I, T : de�ned as before

• F ⊆ 2S : set of accepting subsets, called the table.

De�nition 2 A run r of a Muller automaton is accepting i� In(r) ∈ F
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• for F = {{q}}: L(A) = (a ∪ b)∗bω

• for F = {{q}, {p, q}}: L(A) = (a∗b)ω

�eorem 1 For every (deterministic) Büchi automatonA, there is (deterministic) Muller automa-
tonA′, such that L(A) = L(A′).

Proof:

S′ = S, I′ = I, T ′ = T
F ′ = {Q ⊆ S ∣ Q ∩ F ≠ ∅}

�eorem 2 For every nondeterministic Muller automaton A there is a nondeterministic Büchi
automatonA′ such that L(A) = L(A′).



Proof:

• F ′ = {F1, . . . , Fn}

• S′ = S ∪⋃n
i=1{i} × Fi × 2Fi

• I′ = I

• T ′ = T
∪ {(s, σ , (i , s′,∅))∣1 ≤ i ≤ n, (s, σ , s′) ∈ T , s′ ∈ Fi}
∪ {((i , s, R), σ , (i′, s′, R′)) ∣ 1 ≤ i ≤ n, s, s′ ∈ Fi , R, R′ ⊆ Fi ,

(s, σ , s′) ∈ T , R′ = R ∪ {s} if R ≠ Fi and R′ = ∅ if R = Fi}

• F ′ = ⋃n
i=1{i} × Fi × {Fi}

�eorem 3 �e languages recognizable by deterministicMuller automata are closed under Boolean
operations (complementation, union, intersection).

Proof:

• L(A′) = Σω ∖ L(A):

– S′ = S , I′ = I, T ′ = T ,F ′ = 2S ∖F

• L(A′) = L(A1) ∩ L(A2):

– S′ = S1 × S2, I′ = I1 × I2,

– T ′ = {((s1, s2), σ , (s′1, s
′

2)) ∣ (s1, σ , s
′

1) ∈ T1, (s2, σ , s′2) ∈ T2}

– F ′ = {∆ ⊆ S′∣ pr1(∆) ∈ F1 ∧ pr2(∆) ∈ F2}
where pri(Q) = {pi ∣(p1, p2, ..., pi , ..., pn) ∈ Q}

• L(A1) ∪ L(A2) = Σω ∖ ((Σω ∖ L(A1)) ∩ (Σω ∖ L(A2))).

�eorem 4 A language L is recognizable by a deterministic Muller automaton i� L is a boolean

combination of languages
Ð→
W where W ⊆ Σ∗ is regular.

Proof:

(⇐)

• IfW is regular, then
Ð→
W is recognizable by a deterministic Büchi automaton;

• hence,
Ð→
W is recognizable by a deterministic Muller automaton;

• hence, the boolean combinationL is recognizable by a deterministicMuller automa-
ton.

(⇒)

A accepts α with unique run r

i� for some F ∈ F , In(r) = F



i� ⋁
F∈F

(⋀
s∈F

α ∈
Ð→
Ws ∧ ⋀

s∈S∖F

α /∈
Ð→
Ws),

whereWs = L(As) for the �nite-word automatonAs = (S , I, T , {s}).

i� α ∈ ⋃
F∈F

(⋂
s∈F

Ð→
Ws ∩ ⋂

s∈S∖F

(Σω ∖
Ð→
Ws)).

7 McNaughton’s�eorem

�eorem 5 (McNaughton’s�eorem (1966)) Every Büchi recognizable language is recognizable
by a deterministic Muller automaton.

De�nition 3 A Büchi automaton (S , I, T , F) is called semi-deterministic if S = N ⊎ D is a par-
tition of S, F ⊆ D, pr3(T ∩ (D × Σ × S)) ⊆ D, and (D, {d}, T ∩ (D × Σ × D), F) is deterministic
for every d ∈ D.

Lemma 1 For every Büchi automaton A there exists a semi-deterministic Büchi automaton A′

with L(A) = L(A′).

GivenA = (S , I, T , F), we constructA′ = (S′, I′, T ′, F ′):

• S′ = S ⊎ (2S × 2S);

• I′ = I;

• T ′ = T ∪ {(s, σ , ({s′},∅)) ∣ (s, σ , s′) ∈ T}

∪{((L1, L2), σ , (L′1, L
′

2)) ∣ L1 ≠ L2

L′1 = pr3(T ∩ L1 × {σ} × S),

L′2 = pr3(T ∩ L1 × {σ} × F) ∪ pr3(T ∩ L2 × {σ} × S)}

∪{((L, L), σ , (L′1, L
′

2)) ∣ L
′

1 = pr3(T ∩ L × {σ} × S),

L′2 = pr3(T ∩ L × {σ} × F)}

• F ′ = {(L, L) ∣ L ≠ ∅)}
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