
Automata, Games & Verification

Summary #8

Today at 2:15pm in SR 016
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Church’s Problem Revisited



Alternating Automata

• nondeterministic automaton,

L = a(a+ b)ω:

A

C B

aaa

a a, b

• universal automaton, L = aω:

A

C B

aaa

a a, b

• alternating automaton,

L = aa(a+ b)ω

A

C B

aaa

a a, b
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Definition 1. An alternating Büchi automaton is a tuple A = (S, s0, δ, F ),
where:

• S is a finite set of states,

• s0 ∈ S is the initial state,

• F ⊆ S is the set of accepting states, and

• δ : S × Σ → B
+(S) is the transition function.

Definition 2. A run of an alternating automaton on a word α ∈ Σω is an

S-labeled tree 〈T, r〉 with the following properties:

• r(ǫ) = s0 and

• for all n ∈ T ,
if r(n) = s, then {r(n′) | n′ ∈ children(n)} satisfies δ(s, α(|n|)).
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Example:

L = ({a, b}
∗

b)ω

p q true
a

b

a a

bS = {p, q}
F = {p} ;
δ(p, a) = p ∧ q; δ(p, b) = p; δ(q, a) = q; δ(q, b) = true

example word w = (aab)ω has the following run:

ǫ : p

0 : p

00 : p 01 : q

000 : p

1 : q

10 : q
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Theorem 1. For every LTL formula ϕ, there is an alternating Büchi

automaton A with L(A) = models(ϕ)

• S = closure(ϕ) := {ψ,¬ψ | ψ is subformula of ϕ};

• s0 = ϕ;

• δ(p, a) = true if p ∈ a, false if p /∈ a;
δ(¬p, a) = false if p ∈ a, true if p /∈ a;
δ(true, a) = true;

δ(false, a) = false;

• δ(ψ1 ∧ ψ2, a) = δ(ψ1, a) ∧ δ(ψ2, a);

• δ(ψ1 ∨ ψ2, a) = δ(ψ1, a) ∨ δ(ψ2, a);
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• δ(#ψ, a) = ψ;

• δ(ψ1 U ψ2, a) = δ(ψ2, a) ∨ (δ(ψ1, a) ∧ ψ1 U ψ2);

• δ(¬ψ, a) = δ(ψ, a);

• ψ = ¬ψ for ψ ∈ S;

• ¬ψ = ψ for ψ ∈ S;

• α ∧ β = α ∨ β;

• α ∨ β = α ∧ β;

• true = false; false = true;

• F = {¬(ψ1 U ψ2) ∈ closure(ϕ)}
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Example:

ϕ := 3p ≡ (true U p)

S = {true U p,¬(true U p), true,¬true, p,¬p}

δ(true U p,∅) = δ(p,∅) ∨ (δ(true,∅) ∧ true U p) = true U p
δ(true U p, {p}) = δ(p, {p}) ∨ (δ(true, {p}) ∧ true U p) = true

true U p true
{p}

∅
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ϕ := 23p ≡ ¬(true U ¬(true U p))

δ(ϕ, a)= δ(¬(true U p), a) ∨ (δ(true, a) ∧ true U ¬(true U p))
= δ(true U p, a) ∧ ¬(true U ¬(true U p))
= (δ(p, a) ∨ (δ(true, a) ∧ true U p)) ∧ ϕ
= (δ(p, a) ∨ true U p) ∧ ϕ

δ(ϕ,∅) = true U p ∧ ϕ
δ(ϕ, {p}) = ϕ

ϕ true U p true
{p}

∅ ∅

{p}
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