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Alternating-Time Temporal Logic



Kripke structures
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Definition 1. Let AP be a set of atomic propositions. A Kripke structure

over AP is a tuple M = (S,R,L)

• S : a set of states

• R ⊆ S × S : a transition relation

• L : S → 2AP : labels each state with the set of atomic propositions that

are assured to be true in S
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Computation Tree Logic

CTL* Syntax (f, g - state formulas, ϕ,ψ - path formulas):

• State formulas f :

f ::= AP | ¬f | f ∨ g | Aϕ | Eϕ

• Path formulas ϕ:

ϕ ::= f | ¬ϕ | ϕ ∨ ψ | Gϕ | Fϕ | ϕUψ | Xϕ
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CTL* Semantics (M - Kripke structure, s - state, πi - suffix of π starting at i):

• M, s |= p iff p ∈ L(s) for p ∈ AP

• M, s |= ¬f iff M, s 6|= f

• M, s |= Eϕ iff there is a path π from s such that M, π |= ϕ

• M, s |= Aϕ iff for every path π from s such that M, π |= ϕ

• M, π |= f iff M, s |= f where π = sπ1

• M, π |= ¬ϕ iff M, π 6|= ϕ

• M, π |= ϕ ∨ ψ iff M, π |= ϕ or M, π |= ψ

• M, π |= ϕ U ψ iff there exists i such that for every j < i

M, πj |= ϕ and M, πi |= ψ

• M, π |= Xϕ iff M, π1 |= ϕ
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LTL. Special case of CTL* formulas: A ϕ, where ϕ is a path
formula with only atomic propositions as state subformulas.
CTL. Special case of CTL* formulas where each temporal operator
must immediately be preceeded by a path quantifier.

LTL

CTL*

CTL

Theorem 1. For every CTL* formula Φ, the following are

equivalent:

1. there is an LTL formula Aϕ that is equivalent to Φ

2. Φ is equivalent to A(removeE,A(Φ)), where removeE,A(Φ) is

obtained from Φ by deleting all path quantifiers.
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The Modal µ-calculus

Syntax: given a set of atomic propositions AP , the set of formulas is
defined inductively as follows (where ϕ and ψ are formulas)

• ⊥,⊤

• p,¬p for every p ∈ AP

• ϕ ∧ ψ, ϕ ∨ ψ

• 2ϕ, 3ϕ

• µp ϕ, νp ϕ, where p ∈ AP and p only occurs positively in ϕ.

Bernd Finkbeiner AG&V – Summary #13 5



Semantics: Formulas are interpreted as sets of states.

• ‖⊥‖M = ∅

• ‖⊤‖M = S

• ‖p‖M = {s|p ∈ L(s)}

• ‖¬p‖M = {s|p 6∈ L(s)}

• ‖ϕ ∨ ψ‖M = ‖ϕ‖M ∪ ‖ψ‖M, ‖ϕ ∧ ψ‖M = ‖ϕ‖M ∩ ‖ψ‖M

• ‖2ϕ‖M = {s|∀t.(s, t) ∈ R→ t ∈ ‖ϕ‖M}

• ‖3ϕ‖M = {s|∃t.(s, t) ∈ R ∧ t ∈ ‖ϕ‖M}

• ‖µp.ϕ‖M =
⋂
{S′ ⊆ S | ‖ϕ‖M[p 7→S] ⊆ S′}

• ‖νp.ϕ‖M =
⋃
{S′ ⊆ S | ‖ϕ‖M[p 7→S] ⊇ S′}

• (M, s) |= ϕ iff s ∈ ‖ϕ‖M

Bernd Finkbeiner AG&V – Summary #13 6


