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e The set of natural numbers {0, 1,2, 3,...} is denoted by w.
e An alphabet X is a finite set of symbols.

e An infinite sequence/string/word is a function from natural numbers
to an alphabet:

O w— X

Notation: o = a(0)a(1)a(2)..
e The set of infinite words over alphabet X is denoted >¢.

e An w-language L is a subset of >,
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Definition 1. A (nondeterministic) Blchi automaton A over alphabet X
Isatuple (S,I,T,F):

e S : a finite set of states:
e / C S : asubset of initial states:
e I'C S x> xS :asetoftransitions;

e ' C S : asubset of accepting states.

Definition 2. A run of a nondeterministic Buchi automaton A on an
Infinite input word o = ogo102... IS an infinite sequence of states
S0, 81, S2, ... such that so € I and for all i € w, (s;,04,8,41) € T.
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Definition 3. A Bichi automaton A is deterministic when
e [ is a singleton and

e Vo €3, ,Vs,50,51 €85.
(s,0,80) € T and (s,0,81) € T = s9= $1.

Definition 4.  The infinity set of an infinite word o € > Is defined as
follows
In(a) = {oeX|Vidj.j >iand a(j) =o}.

Definition 5. [Buchi Acceptance Condition] Arunr = sps1so...0fa
Blchi automaton A is accepting if

In(r)NF # @.
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Definition 6. A Blchi automaton A accepts an infinite word « if there
IS an accepting run of A on «.

Definition 7. The language recognized by Bulchi automaton A is
defined as follows:

L(A) ={a € X¥| A accepts a}.

Definition 8. An w-language L is Blichi recognizable if there is a Blchi
automaton A such that £(A) = L.
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Definition 9. A Blchi automaton is complete if
VseS,oceXx,dseS.(s,0,58)eT.

Theorem 1.

For every Blchi automaton A, there is a complete Blichi automaton A’
such that £(.A) = L(A').
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BACKGROUND: The Kleene Theorem

Definition 10. The regular expressions are defined as follows:

e The constants ¢ and @ are regular expressions.
L(e) = {e}, L(2) = @.

e If a € X Is a symbol, then a is a regular expression.
L(a) ={a}.

e If £ and I are regular expressions, then E 4+ F is a regular
expression: L(E+ F) = L(E)UL(F).

e If £ and I are regular expressions, then E'- F' Is a regular expression:
LE-F)={uv|ueLl(F),veLl(F)}.

e If I/ is a regular expression, then E* is a regular expression.
L(E*) =Auwug...up | ncw,u; € LIE)VO L i < nt.
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Definition 11. A language is reqgular if it is defined by a reqgular
expression.

Theorem 2. The Kleene Theorem
A language is regular iff it is recognized by some finite word automaton.
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